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Photon echoes in a resonant three-level system with arbitrary
level degeneracy
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Faculty of Engineering, Tohoku University, Katahira 2-chome, Sendai, Japan

Received 14 May 1973

Abstract. As a sequel to the previous paper, in which photon echoes in a resonant three-level
system where the energy levels are not degenerate or have two-fold degeneracy were investi-
gated, we report in this paper the theoretical analysis on photon echoes in a resonant multi-
level system, with level degeneracy, by a general consideration. With respect to the system
possessing more than three-fold degeneracy, the intensity of photon echoes depends not
only on the areas of the exciting optical pulses, but also on their polarization characteristics.
In particular, it was found that some anomalous echoes change their intensities with the
polarization directions of exciting optical pulses which have different frequency from that
of the echoes because of the coherent coupling of resonant transitions with common energy
level and the interference effect of transitions through the degenerate sublevels. In the first
half of this paper the general formulation on the muiti-level system with arbitrary degeneracy
is performed, and in the second half, the application of the general theory to some typical
examples is also given.

1. Introduction

Atthepresenttimethereisconsiderable interestin coherent nonlinear optical phenomena
where optical pulses with different frequencies are resonant to the multi-energy level
system, since different transitions with a common energy level combine coherently.
With respect to the three-level system, Hartmann (1968) suggested the possibility of
the Raman echo for the first time, and recently some novel results concerning the self-
induced transparency for the two-photon resonant case (Tanno et al 1972a, b) and the
doubly resonant photon echoes (Aihara and Inaba 1973) were reported.

In particular the coherent nonlinear effect associated with a doubly resonant inter-
action should exhibit characteristic phenomena inherent to the three-level system,
because all the energy levels couple strongly with the radiation. These phenomena are
different from the Raman or two-photon resonant type of interaction where the popula-
tion of the intermediate level is extremely small due to the off-resonant character.

From this point, we presented the theoretical analysis on the doubly resonant
photon echoes in a three-level system in a previous paper (Aihara and Inaba 1973, to be
referred to as I). It was pointed out that the echoes arise at anomalous times, other than
at thenormal time expected from the simple analysis with the two-level system, depending
upon the correlation between the inhomogeneous broadening of the different spectral
lines. The intensity, polarization and propagation direction of the echoes were found to
depend upon those of the exciting pulses which had frequency different from that of the
echo.
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1726 M Aihara and H Inaba

An important problem concerning the influence of level degeneracy on the echo
characteristics, however, has been left unsotved in paper 1. This problem becomes
essential if we consider the coherent nonlinear optical phenomena occurring in a time
shorter than the homogeneous relaxation times. In this case, as the probability of the
incoherent transitions among the degenerate sublevels caused by the collision in gases or
the interaction with phonons in solids is negligibly small, the coherent transitions
among the individual sublevels must be considered exactly.

The purpose of the present paper is to investigate photon echoes associated with the
resonant interaction with a multi-level system possessing level degeneracy using general
considerations. Use is made of a density operator method which has an advantage
when dealing with the mixed quantum state, since the initial state is in thermodynamical
equilibrium and the definite phase correlation between degenerate sublevels does not
exist. In order to get a simple physical insight into the problem, we transform the density
operator in the Schrodinger picture to the intermediate picture corresponding to the
rotating frame representation in the classical treatment. A general formulation is
derived in § 2 by introducing a unitary operator which diagonalizes the interaction
hamiltonian, and by obtaining the exact time evolution operator without using the
perturbation approach. In § 3, we apply our general results to some typical examples to
make our detailed discussion more concrete.

2. General formulation for the formation of photon echoes

We consider the system composed of many particles possessing multi-energy levels
with arbitrary degeneracy which interacts resonantly with optical waves with different
frequencies. When dealing with this system, we must make use of the density operator
for the whole system, since photon echoes are phenomena inherent in the many particle
system. However, if the interaction between particles does not exist, the Liouville
equation for the whole system can be separated into the equations for the individual
particles, and the density operator for the whole system can be obtained as the direct
product of those of the individual particles. Therefore, the starting point of our analysis
is the solution of the one-particle problem.

The hamiltonian for a particle interacting resonantly with the radiation field with
different frequencies can be written, in general, as

H=H,+H, (1)
H, = Zé L loufum) <eyfyml- b)
H = uzv<—p,w) B, (1)

= §<—J2)Euvo(r)(puv - 8,,) COS W1, (3)

where &, is the energy eigenvalue of the free hamiltonian Hy, p,, is the electric dipole
moment operator between levels u and v, E, () is the electric field vector resonant to the
transition between levels g and v,and E, () and u,,, are its envelope function and polari-
zation vector, respectively.
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Taking the direction perpendicular to the electric field vector as the quantization
axisand using the Wigner-Eckart theoremt, equation (3) becomes through the expression
in terms of the basis vectors for the standard representation

- z \/2 uv qu t) Z (X':;:‘jrvnv|aujumu> <avjvmv| + X{r‘;‘{r‘:tulavjvmv> <ayjumu‘)

my,m.,

X (e, .u,)cos w,t+hermitian adjoint, 4)

where P,, is the reduced matrix element, e, is the circular polarization vector, and
s, is given by s, = (2,4 1)” 2 jglmgl> Giom,). | |

Con51der1ng the time evolution of the system, it is convenient to use the density

operator which is applicable to the mixed state as well as the pure state. The density
operator o(t) satisfies the Liouville equation

do(t)
h_d— [H, o(2)]. (5)
We now transform the density operator o(t) in the Schrédinger picture to the intermediate

picture, as follows;

P([) — eiS'O'(t) e—iSt (6)
where S is a hermitian operator defined by
S= Z i 2o jamy> <o) (7)

and eigenvalues S, are determined to satisfy the relation §,—S, = w,,. This unitary
transformation leads to the equation of motion for p(t)

#3291 (e §

where
H, = eS'H' ™%, o
=h 'H,-S5. .

Using the rotating wave approximation, equation (9) becomes

= z \/2 uv qu Z {n“:r;l‘,'#m ><vmv} +vair:“|vmv> <lumu|) (e+ . uuv)

+ hermitian adjoint, (11)

where the simplified notation |Am;) is used instead of |, j,m,>.

No matter what we consider the resonant interaction, we must take into account
the off-resonance caused by the inhomogeneous broadening of the energy level, so that
the difference between the eigenvalues of A defined by equation (10), Aw,,, takes the non-
zero value determined by

Aw,, = (h'lEu—Su)—(h_lEv—Sv) =h"YE,—E)—-(5,-S) = Q. -w,. (12)

Wearenow in a position to solve the case where the system is irradiated by a sequence
of two simultaneous optical pulses with different frequencies which coincide with the

+ See for example Messiah A 1962 Quantum Mechanics vol 2 (Amsterdam : North-Holland).
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centre frequencies of the inhomogeneously broadened spectral lines of the system. For
sufficiently intense exciting pulses, the magnitude of the off-resonance can be considered
to be much smaller than the interaction energy, and then we ignore A for the duration of
the pulse to obtain

Ldp(t) o
ih—~ = [HS, p(t)). (13)

For the period of absence of the pulses, we have

ihd—g’—) = [A, p(t)]. (14)

In the case where the envelope function differs from another one corresponding to the
different frequency only by a multiplicative number independent of time, equation (13)
can be solved exactly. For the optical pulses lasting from ¢, to t, + 7, the formal solution
is expressed by

plta+1) = exp(—ih‘l Jﬂo tdtH;(t))p(to) exp(ih—l fo rdtH;(zt)). (15)

In order to obtain the matrix element of p(t, + 7), we introduce the unitary operator V
defined by

tot+t
vt H/(t)dtV = D, (16)

to

where D is a diagonal operator in the standard representation. Then equation (15)can be
rewritten as

plto+1) = Tp(to)T? (17)
where T is the time evolution operator given by

T = exp(—iVDV?') = Vexp(—iD)V?, (18)
On the other hand, equation (14) can be solved simply as

p(t) = exp{ —iA(t —1t")} p(t') exp{iA(t —1")}. (19)

Using the solutions (17) and (19), we derive the expression for the density operator
after a sequence of two optical pulses

p(t) = exp{ —iA(t — 1)} T  exp(—iAt) Tp(0)T* exp(iAty)T'" exp{iA(t — 1)}, (20)

where the prime denotes the operator for the second pulse and 7, is a time interval
between two optical pulses.

Wesuppose that the many particle system is initially in thermodynamical equilibrium,
and the energy separations between the ground state and the excited states are much
larger than the thermal energy. Thus we have the initial density operator given by

p0) = 2, +1)7" X lam,) {amy], (1)

Ma

where label a denotes the ground state. Substituting this equation into equation (20),
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we obtain the expression for the matrix element of p(t) in terms of the matrix element of T
as

{um,|p(t)lvm,>
= (2, +1)7 Z(um | exp{ —iA(t — )} T’ exp(—iAt))T|am,>

x {vm,| exp{ —iA(t — 1)} T exp(—iA1,)T|am>*
= (2j,+1)” Z exp{ —iAw, .t +i(Aw,, + Aw,.)r}
x 3 Lum|Témg> (&my Tiam,) (vm,| T'lnmyy*<nm,| Tlam,y*. (22)
ma,mg,my

In order to study the various characteristics of photon echoes, we need an induced
electric dipole moment by calculating the expectation values of the electric dipole
moment operator, as follows:

p(t)y = Trlo(t)p Z Trlo(t)p,.] = Z Pt (23)
and
Put) = “g, i (&myg e p(t) €¥m, > Cnmy|p ) Emy>

P "mZm (et Cvm,|p(0) lum,,> explio,,t)

Aivis Cumy,|p(t)lvm,> exp(—iw,,t)}e, +cC

Krym "

Z (s, e+ — xiudy e ) {um,jp(t)lvm,) exp(—iw, ) +cC. (24)
Substituting equation (22) into equation (24), we obtain a final expression for an induced
electric dipole moment with frequency w,, after a sequence of optical pulses

Py =2, +1)" Zexp{ iAw, t+1(Aw,, +Aw,,) .} Z x{,,“j,:l“eJr i,,*“{,:,ve )

x X <#mulT|€m<><€mng|ama>

Mmqg,ms, My

x {vmy | T'lpm, > *nm, | T lam,>* exp(— iw,,t) + CC. (25)

In the case where the frequencies of the incident optical pulses are at the centre
frequencies of the inhomogeneously broadened spectral lines, Aw,, and Aw,, can be
written

Aw,, = X,

Awyy = opeX. (26)

Here x is a physical parameter causing the inhomogeneous broadening of the energy
levels, and we neglect the higher order terms in x with good approximation. For example,
in gases, x is the velocity of a particle along the line of sight, while, in solids, it is the devia-
tion of the crystalline field from its mean value. In order to obtain the essential character-
istics of the radiation emitted spontaneously from the inhomogeneously broadened
system, we must multiply the distribution function for x in equation (25), and integrate
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over x. Thus we obtain

<puv(t)> - N(zja + 1 Z G{auvt auv + an{ Z (X#{,I#t“ #‘:vmve )

my,ms

x X <#mMIT|ém¢><§m<IT|ama>

meg,me my,

x {vm | T'\nm, > *{nm, | T|am,»* exp(—im,, 1) +CC (27)

where N is the number of particles and G is the Fourier transform of the distribution
function for x.

From equation (27), we can understand the remarkable result that photon echoes are
also produced at anomalous times different from 27, depending upon the values a,,/a,,
This novel result is caused by the fact that the matrix element of the density operator
after a sequence of exciting optical pulses, {um,|p|vm, >, arises from other matrix elements
before the second exciting pulse, {{m,|p|nm,>, as indicated in equation (22), so that the
rate of the dephasing process after the first pulses is different from that of the inphasing
process after the second pulses as suggested in equation (25). One should remark that
the operators T and T’ can have the nonvanishing matrix elements between the levels
for which the interaction hamiltonian does not have the matrix element, because of the
coupling of transitions between the levels through a common energy level.

When the Doppler effect gives rise to the inhomogeneous broadening of lines as in
gases, the times of the anomalous echoes are determined by the ratio of the energy
separations since the relation a,./a,, = Q,./€},, holds. However, for the ions in a ligand
field where the spatial fluctuation of the static crystalline field contributes to the inhomo-
geneous broadening of the energy levels, the variation of the energy eigenvalues with the
magnitude of the crystalline field is complicated ; depending upon not only the electron
configuration, but also the configuration interaction. Consequently, photon echoes are
produced at times different from the case of gaseseveniftheratio of theenergy separations
Q,./Q,, is the same.

3. Evaluation of echo characteristics

In this section we try to apply the general result obtained in the previous section to some
typical examples to derive explicit expressions and to discuss them in detail.

31 Thecasej,=j, =j, =%

As we have considered this case in detail in paper I, we mention only the essential point.
When each energy level has double degeneracy, the problem can be reduced to a non-
degenerate one by dividing the whole Hilbert space into two subspaces between which
the interaction hamiltonian does not have the matrix element. This results in the
intensity and polarization characteristics becoming independent of each other. However,
one should note that the coupling of the transitions through a common energy level
leads to the characteristics of the photon echoes, such as intensity, polarization and
propagation direction, depending upon those of the exciting pulses which have different
frequencies from that of the echo.
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32 Thecasej,=j. = 1,j,=0

Since we have selected the quantization axis perpendicular to the direction of the exciting
optical pulses, five states take part in the problem, as shown in figure 1. In this case, the

Je=!

/=0

/=)

m= -| 0 |
Figure 1. Schematic representation of the three-level system for j, = j, = 1 and j, = 0. Full
lines connect the states between which the interaction hamiltonian has a nonzero matrix

element when the quantization axis is selected along the direction perpendicular to that of the
exciting electric field.

interaction hamiltonian H; expressed generally in equation (11) becomes

1
Hy= —meaEbaO(t) {13> 1] exp(—18p5) +13) {2| exp(ip,)}

1 . .
NG PyE o) {55 (3] exp(—id.,) + |4 (3] exp(id,,)}

+ hermitian adjoint, (28)

where the simplified notations |1) = |[a— 1), |2) = |al), |3) = |b0), |4> = |c~1) and
15> = {cl) are used. Introducing the pulse area defined by

to+t
b= G2 [ B0 (29)

we obtain the matrix element of T defined by equation (18) as follows;
ATy = 2T|2) = 1 —%cos? y(1 —cos 1), (30a)
(3|T|3) = cos iy, (30b)
AIT|4> = (5|T|5) = 1 —Lsin? y(1 —cos 1), (30¢)
GITID = =3ITI2H* = - i\/% cos y sin 4y exp(—id,,), (30d)
(SITI3) = —<4TI3>* = —i/Ssin ysin $y exp(—id,,), (30e)

(SITIL) = CAIT|2)* = —3sinycos (1 —cos 3%) exp{ —i(6 4+ 85} (30f)
CHTIT) = 5|TI2)* = —Fsiny cos y(1—cos 39) exp{i(d.5— 650}, (30g)
2TI1) = —%cos? y(1—cos 3) exp( — 2i6,,), (30n)
(5| TI4y = —%sin? y(1 - cos L) exp(— 2ié,,), (30i)

where J,, is an angle between the direction of the electric field of the exciting pulse with
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frequency w,, and the reference axis, and y = tan™*(8,,/0,,) and ¢ = (6, +63)"/%. Other
matrix elements can easily be obtained from the unitarity of T, that is, { f|T}i) differs
from {i|T|f) only by a sign of §. The matrix element of T, { f|T|i), means physically
the probability amplitude that if a particle is initially in a state |i), then after a pulse the
particle will be in a state | ). One should pay attention to their phases as well as their
absolute values. For example, the transition probabilities from 1) to |3} and from|2) to
|3 are the same, but the phases of their transition probability amplitudes differ corres-
ponding to the polarization direction of the exciting pulse, as indicated in equation
(304).

Substituting equations (30a)~30i) into equation (27), we obtain the induced polariza-
tion, which is given in the appendix. The results concerning the echo polarization and
the dependence of the echo intensity on the polarizations of the exciting pulses in this
case are summarized in table 1. The principal results obtained are: (@) in the case where
the polarization directions of the sequence of two exciting pulses with the same frequency
are parallel, the intensity characteristics are the same as the nondegenerate case except
for a multiplicative constant; (b) the echoes, except for those appearing at — fiz; and
— B~ '1(B = a,/a,,), are polarized in the direction of that for the second pulse with the
same frequency ; (c) the echo intensity appearing at the time 2, varies as cos*(d,, — 8,,) in
the same way as the two-level system (Gordon et al 1969), while the anomalous echo
intensities, except for two echoes, also or only depend upon the polarization directions of
the exciting pulses, with different frequencies from that of the echo, as cosz(é;v —38,,);(d)
with respect to the echoes appearing at the times —p7, and —f~'1,, both the echo
polarization and the change of the echo intensity with the polarization directions of the
exciting pulses depend upon the areas of the exciting pulses through the matrix elements
of T' for the nondegenerate case, {a|T"|a) or {¢|T"|c).

The result (c) inherent to the three-level system is caused by the two facts that, first,
the transition probability between the ground state jam,) and the higher excited state
|em,» takes a nonzero value caused by the coupling of the transitions b—a and ¢-b, and,
second, some matrix elements of the density operator related to the different degenerate
states after the first exciting pulse interfere with each other when forming the final density
operator by the second exciting pulse. The result (d) is also substantial to the three-level

Table 1. Summary of echo polarizations and dependence of echo intensities on the polariza-
tions of exciting optical pulses, for j, = j. = 1 and j, = 0. The analytical expressions of
8y, @y, 6, and Q, include the areas for the second exciting pulses 8,, and 6., and hence for
¥ and 7', and are given in the appendix. f§ = a,/a,,.

Echo Echo Echo Polarization dependence
frequency formation time polarization of echo intensity
W 2‘1.'3 5;” COSZ((S;M - 5ba)
(1 + By, Ota cos?(6;,— 0,5)
2+ Bz, e €08%(83, — 8,4) OS2 (8], — 8.,)
(1~B)r, e 08385~ 8,4)
—~ B, 8y o1
Wep 21, o cos(6;,—8,4)
(1487 "), O 08%(8hq = By
2+, s c08?(8:, — 8,) €08%(83— 84)
(1~B" "), n €08%(85, — 85)

—-B_lrs 52 Q%
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system. This phenomenon is caused by the fact that these two anomalous echoes are
formed through the matrix elements of 7’ between the degenerate sublevels.

3.3 Thecasej,=j.=0,j, =1

This case (figure 2) is more complicated than the two examples studied previously
because the eigenvalues of the interaction hamiltonian depend upon the polarizations
of the exciting pulses, so that the magnitude of the matrix elements of T as well as their
phases takes a cumbersome form. Therefore, we show only the results in table 2, for the
case where the polarization direction of the exciting pulse with the different frequency is
parallel. What is evident from table 2 is that the polarization and dependence of the
intensity appearing at (1 + f)z, and (1 + 8~ ')z, on the polarizations of the exciting pulses,
change with the pulse area of the second pulse. Furthermore, with respect to this example,
the intensity of echoes appearing at (2 + )z, and (2+ ™ ')z, is independent of the polari-
zation of the exciting pulses. These results can be understood in analogy with the case
studied in § 3.1, since the matrix element of the density operator between the non-
degenerate ground and higher excited states after the first pulse, contributes to such
echoes.

/=0

AL

/=0
m= -l 0 |

Figure 2. Schematic representation of the three-level system for j, = j, = O and j, = 1. Full
lines connect the states between which the interaction hamiltonian has a nonzero matrix
element when the quantization axis is selected along the direction perpendicular to that of
the exciting electric field.

Table 2. Summary of echo polarizations and dependence of echo intensities on the polariza-
tions of exciting optical pulses, for j, = j, = 0 and j, = 1. Analytical expressions of 8, and
@5 include ¥/, and are given in the appendix. 8 = a,/a,,.

Echo Echo Echo Polarization dependence
frequency formation time polarization of echo intensity
Wyq 2z, & cos}(§' —9)

(1+ By, 3 03

2+ B, & constant

(1= B, & cos(d' —9)

- pr & constant

Wep 21, & cos*(8' —6)

(48", 3, Q3

Q+B8 'y, & constant

(1=B" )y, & cos?(d' — 6)

—-p e, & constant
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34. Thecasej,=j,=j. =1

In this case, the nine-dimensional Hilbert space is composed of two subspaces between
which the interaction hamiltonian does not have the matrix element as shown in figure 3.
Therefore, the problem can be reduced to the cases studied in §§ 3.2 and 3.3, and the

results are shown in table 3.

Figure 3. Schematic representation of the three-level system for j, = j, = j. = 1. Full and
broken lines show the two independent sets of transitions caused by the optical wave with

linear polarization perpendicular to the quantization axis.

Table 3. Summary of echo polarization and dependence of echo intensity on the polariza-
tions of exciting optical pulses, for j, = j, = j. = 1. Analytical expressions of §,, Q,, 65, Qs,
Js, and Qs include the areas of the second exciting pulses 8;, and 8., and hence for ' and y',

and are given in the appendix. § = a,,/%,.

Echo Echo Echo Polarization dependence
frequency formation time polarization of echo intensity
Wpa 21, & cos¥(d' —6)
(1+ B, 3 o
2+ P, & {1+ cos(é'—48)}?
(1B, & cos*(6' —5)
- ﬂfs 65 Qg
Wep 21, & cos?(6’'— &)
(1 + ﬁ N l)Ts 54 Qazt
(2+B Yy, & {1+ cos(8'—8)}?
1-8"'r, & cos¥(d' —6)
-B- lf: Js Qé

35 Thecasej,=j.=3,j, =141

A distinctive feature of this case is that the magnitudes of the matrix element of the
electric dipole moment operator between the different degenerate sublevels are different
because of the nature of the Clebsch—-Gordan coefficient. Therefore, the interference
effect between the transitions through the different degenerate sublevels does not cause
the echoes to vanish completely even when the polarization direction of the second
exciting pulse is perpendicular to that of the first exciting pulse. Hence the echo intensity
varies as 1—ksin%(&,,—,,) (k = % or 1) and the polarization direction of the echo
radiation is not parallel to that of the second exciting pulse as shown in table 4.
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~

/
A
m= -3

Figure 4. Schematic representation of the three-level system for j, = j. = 3 and j, = 1. Full
and broken lines show the two independent sets of transitions caused by the optical waves
with linear polarization perpendicular to the quantization axis.

Table 4. Summary of echo polarization and dependence of echo intensities on the polariza-
tions of exciting optical pulses, for j, = j. = 2 and j, = 4. Analytical expressions of 3,
05, 65 and Qg include the areas for the second exciting pulses 8;, and 6,, and hence for ¥’
and y, and are given in the appendix. f = a,/%,,.

Echo
Echo formation Polarization dependence of
frequency time Echo polarization echo intensity
Wha 21, Spa+tan™ ! 4 tan(;, —8,,) 1—1$2sin%(8;, - 8,,)
(1+ B, Jha—tan”! { tan(dy, —dy) — 18 sin(8,,— 8p)
2+ B, S5+ tan™ ! § tan(dy, —8,,) {1—%sin?(83,— 0p0)} {1 — 1 sin*(8},— 0,4)}
—tan~ ' Ltan(8),—6,)
(1 =Py, Jha+tan™! f tan(3y, —8,) ~ 12 5in%(8;, — 0y)
"y s, Q3
Wy 21, d.p+tan~! tan(8.,—d,,) 1 -4 sin%(8,—6.)
(L+87 "y 8,—tan™' ;tan(,,—4,,) 1— 12 sin%(8;,— 8,,)
(2+B 'yt, S,+tan”!Ltan(d, ~4,,) {1—25sin%(8},— 0.)} {1 — £ sin?(8}, — 6,,)}
—tan~! § tan(8,, — 8,,)
(1=B"Y1,  Sp+tan™' ftan(S,,—b,,) 1—1£ sin?(3,— 6,4
- B - lts 68 Qé

36. Thecasej, = j,=%,j. =3
This case is very complicated compared with the earlier examples since we must analyse
the coupling of the Q and R branch transitions, while in the cases studied in §§ 3.1-3.5.
the two transitions are of the same type of branch. This fact leads to the cumbersome
expression for the photon echo arising at time (24 8~ !)r,, as shown in table 5. Table 5
also shows that the normal echoes with frequencies w,, and w,, have the same character-
istics as the cases studied in §§ 3.1 and 3.5, respectively.

In the case of j, = 3 and j, = j. = 3, we obtain the results by exchanging the sub-
scripts cb and ba, and § and B 1, respectively.

Before completing the description of this section, one should note that the mathe-
matical expressions in the last columns of tables 1-5 only show the dependence of echo
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m=-t b 4%

Figure 5. Schematic representation of the three-level system for j, = $and j, = j. = 3. Full
and broken lines show the two independent sets of transitions caused by the optical wave
with linear polarization perpendicular to the quantization axis.

Table 5. Summary of echo polarizations and dependence of echo intensities on the polariza-
tions of exciting optical pulses for j, = 4 and j, = j, = 3. Analytical expressions of 69 and
@, include the areas for the second exciting pulses 8;, and 6, and hence for ¢’ and 7', and
are given in the appendix. § = a,/a,,.

Echo
Echo formation Polarization dependence of
frequency time Echo polarization echo intensity
Wpg 21, 204, — 04q constant
(1+ B 84+ tan” ! § tan(d, — 8,,) 1—3sin%(,,~6,)
2+ B), 26y, — 8y, +tan " $tan(8,—d,) 1 —3sin¥(8,,~5,)
(1 - .B)Ts 6;;4: —tan” ! é ta'n((sr:b - 6cb) 1 _% Sinz(‘sz/'b - 5(:1:)
- B 8y, —tan ! Jtan(d,, —d.,) 1-2sin?(8},—4,,)
W 21, S, +tan~ ! L tan(d,, — d,,) 1-4sin%(6,,~6.,)
(148", d.p+tan ! § tan(8y, — 6,,) 1—3sin%(8;,,— 6,
(2+ﬂ_l)rs 5,b+tan '3 tan{aba 6bn {1"%5“’12(6”—5,[,)}“ _ZSinz{é;m—éba
+tan~! i 3 tan(d.,~6,,)} +tan~! § tan(d, — J,5)}]
(1-8""), 8., —tan~ ! L tan(;, — 85, 1—25in?(8,, — 0,)
- ﬂ - l""s 59 Qé

intensity on the polarizations of the exciting pulses and do not indicate the dependence
on the areas of the exciting pulses even for the expressions involving the pulse areas. The
full expressions for the electric polarization which gives rise to photon echoes are
summarized in the appendix for some typical examples treated in this section. It is to be
remarked that, when the polarization directions of the exciting pulses are all parallel,
the intensity characteristics coincide with those for the nondegenerate case with respect
to all the examples analysed in this section.

The resuits obtained in this section are also applicable to the case of &, > &, that is,
the resonance Raman type of interaction, only by exchanging the sign of # in tables 1-5.
In the case of &, > &,, that is, the doubly resonant interaction with the common ground
state, the dependence of echo intensity on the areas for the first pulses is different because
of the difference of the initial conditions.
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4. Conclusion

In the present paper, we have made a theoretical study of photon echoes associated with
a multi-level system by taking into account the correlation between the inhomogeneous
broadenings of the different spectral lines. In the first half of this paper the general
formulation applicable to the many-particle system with arbitrary degeneracy was
derived, and in the second half, the application of the general theory to some important
examples was given. Novel and interesting features were obtained quantitatively with
respect to the polarization and intensity characteristics of the echo radiation. In particu-
lar, it is possible for the anomalous echoes to provide extensive information about the
energy level structure, kinetics of the interaction between particles, and the atomic
coherence inherent in the multi-level system. The results obtained in this paper seem to
indicate that experimental studies on nonlinear optical behaviour in coherently excited
many-particle systems would be worthwhile.

Appendix. The analytical expressions for the electric polarization which give rise to the
echoes
Al Thecasej, = j,=j. =1

For this case we refer the reader to paper L.

A2 Thecasej,=j.=1,j,=0

2NP,, . o
<p(t)>echo = 3\/:: [ AZt A2r Cos(éba 5ba)G{aba(t _215)} (’ Cos 5llm+.’ s 5ba)

+ A1+ e AlL + pye, €O8(0 — 005)G{atp,(t — (1 + Bt )} (i cos 8y, + j sin 6,)
+ A2 4 pye A2 + e, COS(0h, — Op,) COS(Oy, — Op)

X G{0ta(t — (24 B)7,)} (i cos 8y, +j sin 6,)

+ A1 - pre, Al - pye, €000 — O)G {0t — (1= B)7 )} (i 08 83, + j sin J,)
—A_p, siny sin 3y'Q, G{a,,(t + Bt} (i cos 8, + jsin 8,)] sin w,,t

L 2NPy , e s
3\/3 [ BZIS 215 cos(écb - 5cb)G{acb(t - 2Ts)} (l Cos 5cb +] sin 5cb)

+B1 4 - 13e,Bia + 5 1)e, €08 (O — Bpg)

x G{a 4t —(1+ B~ 1)1)} (i cos 8., + jsin 8;)

+ B2+ g- 1), Bz + - 1), €O8(Gha — Gpa) COS(p — O.3)

x G{ag(t—(2+ B~ 1))} (i cos 8., + jsin 6.,)

+B1-p-1ye.Bl1 - - 1, ©08(0pa — Jpa)

X G{ay(t —~ (1 — B~ 1))} (i cos 8+ jsin 8.,)

—B_;-1, cosy sin 3'Q,G{a,(t+ B 1)} (i cos 8, + jsin 8,)] sin w4t
(A1)
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Here

where
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A,,, = cos y sin y(cos? y cos 3y +sin? ),

Ay, = cos? y'sin’3y,

A spp, = 4 sin 2p(1 — cos 4y)(cos? y cos 3y +sin? y),
Alz + gy, = $8in 2y’ cos y" sin 3Y'(1—cos 3y,

Ags + e, = 38in 2y cos y sin 3y(1 —cos 3¥),

= }sin 2y’ cos 3¥/'(1 —cos 3y¥),

Afs gy, = 3sin 2y"sin? 3y’
A_pe, = A+,
" e, = Siny’ sin $Y’(cos® ¥’ cos 3y’ +sin® y),
By, = A +pye,o
he, = sin? 9’ sin? 3y’
By ip-1y, = A+ pye,s
B34 5-1y, = 75in 2y sin 3Y(1 —cos 3),
B +p-1ye, = Aae,
By 1 p-tye, = A{t+pye,»
By g1y, = Asey
Bii-p-1ye, = At - pye,»
B_g-i, = A +py.
B_ ;- = cosy sin 3y'(cos® y'+sin’ ' cos 3y,

- 11an(0p, — 8,,)
{a|T'|a)

Q 1= COS(5éb - 5cb) {<a| T’la>2 COSZ((s;m - 5ba) + Sinz(él/:a - 5ba)} ! /2,

6, = d,,~tan

- 11an(0 — Ocy)
e T'le>

Q2 = CO8(84— 8,) {<CI T'e)? COS*(8iy — 8.) +5in(82y — S} 1,

62 = éb—tan

<aT'|a)y = cos?y cospy’ +sin®y/,

{c|T'|c) = sin?y’ cosdyy’ +cos? y'.
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A3. Thecasej,=j =0,j,=1

2NP,
<p(t)>echo = \/ ba[ AZ!,Aer COS(&’ 6)G{aba(t - 2‘[5)} (i cos 5/ +j Sin 5,)

+3A + gy, sin 2y'(1 —cos 3Y)Q3G{o,,(t — (1 + B)r )} (i cos 85+ jsin 85)
+ A+ pye, A2+ pye, Gt — (24 B)7)} (E cos &'+ j sin &)
+ A gy ALy — e, cOS(8' — B)G{a(t — (1 — BYr,)} (F cos &'+ j sin &)
—A_p A 5. G{ay,(t + Br.)} (i cos &'+ j sin &')] sin wy,t

L 2NP,

\/ 3

+3B(1 4 5- 1), 8in 2y'(1 —cos 39)Q3G{a(t — (1 + B)1,)} (i cos 85 + jisin J5)
+Bi g1y, Blat -1y, Gl (t— 2+ B~ V1)) (i cos §' + jsin &)
+ B _p- 1), Biy - g- 1), 08(6' — 8)G{at(t — (1 — B~ 1)r,)} (F cos &+ sin &)

[ —B,, B, cos(6'— 0)G{a(t —21,)} (i cos &' + jsin §')

—B_;-1 B_j-1, Glay(t+ B~ 1)} (i cos 6’ + jsin &')] sin w,t, (A.26)
where
_, tan(é'—9)
63 = & —tan 1*,, A.27
. D) (427
03 = {KbIT'|bY? cos?(6' — 8) +sin?(§' —6)} ~ /2, (A.28)
and

(BIT'|bY = cos iy,

A4 Thecase j,= j,=j. =1

2NP,
P ecro = 3 \/g"[ 243:,A%:, €080 — 8)G{ay (t — 2t,)} (i cos 8’ + j sin &)

+34,1 + gy, sin 27'(1 —cos $Y)Q,G{ot,,(t — (1 + B)7)} (i cos 8, + j sin 3,)
+ A4 gy Al 4+ pye i1 +€08(8' — 8)} G{og (t — (2+ B)T)} (F cos &' +j sin &)
+ 241 - pye Al - gy, €08(8' — 8)G{at, (t — (1 — BYry)} (i cos &'+ jsin &)
—A_p, siny' sin 3Y'QsG{ay,(t + Bry)} (i cos 65+ jsin J5)] sin w,,t

4NPcb

NG
+3B1 4 5- 1y, 8in 2y'(1 —cos $9)Q,G{o (e — (1 + B~ V)1, } (i cos 8, +jsin 8,)
+ B3 4 p-1ye, B2+ g-1)e,{1 +cos(6' — 9)}
X G{oy(t —(2+ B~ 1)t} (i cos &' + jsin &)
+2By g1y By _ p-1ys, OS(' = )G et —(1— B~ 1)z.)} (i cos &+ f sin &)
—B_;-1,, cos y sin 3Y'QeG{o,(t + B~ 1)} (i cos 8+ j sin g)] sin @t .
(A.29)

[—2B,, B;., cos(d' — 8)G{a,(t —2t,)} (i cos &' + jsin &)
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Here

o1 tan(d’' — 9)

0, =06—t BT (A.30)
= {4¢b|T'|b)? cos*(&' — 8) +sin*(6' — 8)} /2, (A.31)
-1 tan(8’ — 9)

05 = & —tan ——2<a|T’]a>’ (A.32)
= {4¢{aT"|a)? cos?*(8' — ) +sin?(d' — )} 1/, (A.33)
s e tan(é’' — 9)

5 =0 AT (A.34)

Qe = {4<c|T'[c>? cos?(8' — 8)+sin?(8' — )} /2. (A.35)

A.5.The case j‘z =j.=3j,=13

<p(t)>echo = \/6 [ AZrSA(ZrS{l Sinz(ééa—éba)}”zG{aba(t—zrs)}

x {i cos(8;,+tan ™' 1 tan(d;, — 8,,)) + j sin(d;, + tan ™ § tan(d;, — 8,,))}
+ A+ pre, Al + pye {1 = 1881070 — 3)} 2 Gyt — (1 + B)r)}

x {i cos(8,—tan "' % tan(8), — 9,,)) + j sin(d;, —tan~ ' ; tan(d}, — 6,,))}
+ A+ pye Al + pre {1 — 38102 (85, — 8,1 2 {1 — 12 sin?(8,, — 0)} 2

x G{a (t —(2+ B)ty)} {i cos(S,, +tan™ ! § tan(,, — 8,,)

-11

—tan~ ! {tan(d,, —8,,)) + j sin(dy, + tan ! 5 tan(d;, — d,,)

~hitan(0y, —0,)} + A - A - e i1 — 12 sin%(8, — 0.)} 112

X G{op,(t —(1—=P)1,)} {i cos(6;,+tan™ ' § tan(d,, — b))

—tan

+ j sin(d;, +tan "' 4 tan(8., — 8,,))}

—A_ g, siny’ sin 39'Q,G{a (¢ + Br,)} (i cos 8, + j sin 8,)] sin wy,t
NPba
\/ 6

x {i cos(d,, +tan~ ' § tan(d}, — 8,,)) + j sin(6;, + tan

BerBIZts{ 1 —%% Sinz(ééb - 5cb)} UZG{acb(t - 215)}

Tl atan(0y, —9,4)))
+ By 4+ p- 10, Bi1 + p- e, {1 =18 5In%(8p — 8p0)} 2 Gyt — (1 + B )1}
x {i cos(d,, —tan ! § tan(d,, — ,,))
+ j sin(d,, —tan~ ! § tan(6;, — 6,,))}
+ B+ p- 1y, Bia s -1y, {1 =T 8in(87 — 0)} 112
x {1 =1 sin®(8p, — 8pa)} 2 Gaey(t — (24 B~ )1}

x {i cos(d,, +tan~* § tan(8}, — 6,,) — tan ~ ' + tan(S;, — ,.)

+ jsin(d/, +tan ! § tan(d,, — J.,) — tan ™' & tan(8;, — J,,))}
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+ By - g1y, Bir - - 1, {1~ 1 5I0(05, — Spa)} 2

X G{o(t—(1— B~ 1)z} {i cos(d), +tan™ ! § tan(d;, — 5,,))

+ jsin(d, +tan~ ! § tan(d;,, ~ 6,,))}

—B_j-1,, cosy sin 3Y'QG{ag(t+ B~ t,)} (i cos g+ j sin 8g)] sin w,t.

(A.36)
Here
3rps SINQ,, , ~— Ty, SI Dy,
5 = 6/ t -1 ba+ ba+ ba ba , A37
’ ba+ o 3rba+ Cos ¢ba+ +rba— cos ¢ba— ( )
Q,=1{1 -3 Sinz(ééb"‘scb)}m {(%"bw COS o4 +47pa— COS ¢ba—)2
+(37po+ SN Pppy — 47y, sin Ppa-) 312 (A.38)
58 - 5cb+tan_ 1 3rcb+ sin ¢cb+ —Tep- sin ¢cb— (A39)

37y COS Pupy +Fep_ COS Py’
Qs = {1 ~35in%(}0— 0po)} /2 {(3Fp+ COS Pups +37 5~ COS P )

+ (3o SIN @y — 37— sin B, )2} (A.40)
In these formulae, the parameters are

oz = {<a|T'a)? cos’ (0, —y) + (3 £<a|Tla))* sin*(3,— 8,,)} /2 (A41)

- ~1{3xLadTa>
= 11 o 1 B bailil i v A
¢+ = tan” ' Stan(d,,—J,,)—tan ( A TID tan(d,, 6ba)} , (A4
Faos = 14l T'ed? cos®(l, — 6) + 13 £ (| T'|cD)? sin®(8,,— 04)} /7 (A43)
- 1| 3£dTe)
— 11 1 Y
¢+ = tan~ ' 5 tan(d,,— d,,)— tan (————2 AT tan(écb—écb)). (A.44)

A6. Thecase j,= j, =3%,j. =32
PO echo = AN Pyo[ — Ao, A% G{atp(t — 21} {i cO8(28;, — 8,) +J $in(20;,— 8,,)}
+ A+ pye Al 4 pyrd 1 =3 81070 — 8ep)} 2 Gty (e — (14 1))}
x {i cos(,, + tan "' § tan(8), — 8,,)) + j sin(5;, + tan~ ! & tan(d, — 5,,))}
+ A+ pe Al + pre L =3 810304 — 00)} 2 G{aat — 2+ B)1)}
x {i c0s(28},, — 8, +tan~ ! § tan(d., — 5,4))
+78in(28,, — 6, + tan " ! § tan(d), — 6,,))}
+ A - prAl - pred 1 =3 5I0%(8 — 80)} 2 Gt t — (1 — B)z)}
x {i cos(dy, —tan ™" § tan(d, — b)) + j sin(8y, ~ tan ~ ! § tan(dy, — 8,,))}
—A_g A5 {1-3 3 sin*(80, ~ 8.)} 2 Gy + Br,)}
x {i cos(dy,—tan™ ' } tan(8}, — 8,,))
+ jsin(8;, —tan™* § tan(d., — 8,,))}] sin wy,t
+3NP,[- B, B {1—13sin*(8), — 6,4)} 2 G{a(t — 21,)}
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where

and
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